Abstract. Let D be an integral domain with quotient field K. A star-operation ⋆ on D is a closure operation A −→ A ⋆ on the set of nonzero fractional ideals, F (D), of D satisfying the properties: (xD) ⋆ = xD and (xA)
Introduction
Let D be an integral domain with quotient field K. Let K * = K − {0}. A fractional ideal A of D is a D-submodule of K such that xA ⊆ D for some nonzero x ∈ D. Note that the usual ideals of D, or sometimes called integral ideals, are also fractional ideals. Let F (D) be the set of nonzero fractional ideals of D and f (D) be the subset of F (D) consisting of the nonzero finitely generated fractional ideals of D. Let I(D) denote the set of nonzero integral ideals of D. ⋆ 1 = A ⋆ 2 for all A ∈ f (D). According to [5] , for any star-operation ⋆, d ≤ ⋆ ≤ v.
A ring D ′ is said to be an overring of D if D ⊆ D ′ ⊆ K. Let S be a multiplicatively closed set of ideals (or a multiplicative set of ideals) of D, i.e, I, J ∈ S implies that IJ ∈ S. For a fractional ideal A of D, define A S = {x ∈ K | xI ⊆ A, for some I ∈ S}. Then D S is an overring of D, called the S-transform of D, and A S is a fractional ideal of D S . In [4] , Arnold and Brewer discuss the relationship between the ideal structure of a commutative ring R and that of the S-transform of R.
Let S be a multiplicative set of ideals of D. The saturation,S, of S is defined asS = {A | I ⊆ A ⊆ D, for some I ∈ S}. We say that S is saturated if S =S. Note thatS =S so the saturation of a multiplicative set of ideals is saturated. It is easily proved that I, J ∈S implies that IJ ∈S. SoS is a multiplicative set of ideals. Clearly A S = AS.
Definition 1.2. A nonempty set F of ideals of D is a localizing system if
(1) I ∈ F and J an ideal with I ⊆ J ⊆ D imply that J ∈ F , and (2) I ∈ F and J an ideal with (J : i) ∈ F for all i ∈ I imply that J ∈ F .
In Section 2, we investigate when the map A −→ A S is a staroperation. This question is answered for S a multiplicative set of ideals of D and for S a multiplicative set of finitely generated ideals of D. An obvious necessary condition is that D S = D. We also determine when this star-operation has finite character and we give an example where the map A −→ A S is not a star-operation.
In Section 3, we characterize when star-operations of the form A −→ ∩AD α , with D = ∩D α , have finite character.
I give an idea of what I will be working on in the near future in Section 4.
Star-operations and Generalized Quotient Rings
Recall that a star-operation has finite character if for each A ∈ F (D),
and B ⊆ A}. Note that the d-operation and the t-operation (defined in the introduction) have finite character, but the v-operation need not have finite character. Recall also that D S is an overring of D, and if A is a fractional ideal of D, then A S is a fractional ideal of D S . 
Definition 2.2. Let D be an integral domain and ⋆ a star-operation on F(D). Then we define S
(2) Let x ∈ A and I ∈ S, then xI ⊆ AD ⊆ A. So x ∈ A S , and therefore A ⊆ A S .
(3) Let x ∈ (aA) S , then there exists I ∈ S such that xI ⊆ aA. Since K is a field and a ∈ K * , then
∈ A S since K is a field and a ∈ K * . Therefore there exists I ∈ S such that x a I ⊆ A. This implies that xI ⊆ aA so x ∈ (aA) S . Therefore aA S ⊆ (aA) S , and hence (aA) S = aA S .
(4) Since
Since A S = D S , 1 ∈ A S . This implies that there exists I ∈ S such that 1I ⊆ A. Similarly, B S = D S implies that there exists J ∈ S such that 1J ⊆ B. So 1IJ = 1I1J ⊆ AB. Therefore since IJ ∈ S,
We now state our first theorem which characterizes when the map A −→ A S , for A ∈ F (D) and S a multiplicative set of finitely generated nonzero ideals, is a star-operation. (⇐) Since S is a multiplicative set of nonzero ideals, then by Proposition (2.5), A ⊆ A S (and thus A S ⊆ (A S ) S ), (xA) S = xA S , and A ⊆ B implies that A S ⊆ B S . Also by Proposition 2.5, since S ⊆ S v , then (x) S = (x) for all x ∈ K * . So it suffices to show that (A S ) S ⊆ A S . Let x ∈ (A S ) S , then there exists I ∈ S such that xI ⊆ A S . I is finitely generated so suppose that I = (x 1 , . . . , x n ). Then for each x i ∈ I, xx i ∈ A S . Therefore for each x i , there exists
A i ∈ S since S is multiplicatively closed. Therefore x ∈ A S , and hence (A S ) S ⊆ A S . So the map A −→ A S is a star-operation.
We now proceed to show that the map A −→ A S has finite character (i.e, show that A S = ∪{B S | B ∈ f (D) and B ⊆ A}).
Let x ∈ ∪{B S | B ∈ f (D) and B ⊆ A}, then x ∈ B S such that B ∈ f (D) and B ⊆ A for some B. But B ⊆ A implies that B S ⊆ A S . Therefore x ∈ A S , and hence ∪{B S | B ∈ f (D) and B ⊆ A} ⊆ A S . Let x ∈ A S , then there exists I ∈ S such that xI ⊆ A. Since I is finitely generated, xI is a finitely generated fractional ideal contained in A. So if we let B = xI, then xI = B implies that x ∈ B S . So x ∈ ∪{B S | B ∈ f (D) and B ⊆ A}. Therefore A S ⊆ ∪{B S | B ∈ f (D), B ⊆ A}, and hence A S = ∪{B S | B ∈ f (D) and B ⊆ A}. Thus the map A −→ A S has finite character.
Note that the above result is false if the ideals in S are not assumed to be finitely generated as the following example will show. But first, we state a corollary to Theorem 2.6
Corollary 2.7. Let S be a multiplicative set of finitely generated nonzero GV-ideals of D. Then the map A −→ A S = A ⋆ is a finite character star-operation on D that distributes over finite intersections.
Proof. Since S is a multiplicative set of GV-ideals, S ⊆ S v by definition. Also S consists of finitely generated ideals by hypothesis. Therefore by Theorem 2.6, the map A −→ A S = A ⋆ is a finite character staroperation on D. By Proposition 2.5 we have that the map A −→ A S = A ⋆ distributes over finite intersections.
], where K is a field, and let
Now M ∈ S, and 1M ⊆ M. Therefore 1 ∈ M S and thus
Therefore in this example, the map A −→ A S is not a star-operation.
Next, we give a more general characterization of Theorem 2.6. But first, we look at some useful results.
Recall that for, S, a multiplicative set of ideals of D, the saturation of S is defined byS = {A | I ⊆ A ⊆ D, where I ∈ S}. Clearly S ⊆S since for any I ∈ S, I ⊆ I ⊆ D, which implies that I ∈S. (1) (3) ⇒ (1) Suppose thatS is a localizing system and let A ∈ F (D). We know that A S ⊆ (A S ) S . Let x ∈ (A S ) S . Then there exists I ∈ S such that xI ⊆ A S . Let J = (A : x). Then J ∈ I(D). Now for i ∈ I, xi ∈ A S . So there exists J i ∈ S such that xiJ i ⊆ A. So iJ i ⊆ (A : x) = J, that is J i ⊆ (J : i). Hence (J : i) ∈S for each i ∈ I sinceS is a localizing system. So J ∈S, again sinceS is a localizing system. Now xJ ⊆ A so x ∈ AS = A S . Thus (A S ) S ⊆ A S . Hence
We now state the more general characterization of Theorem 2.6 
is exact.
Definition 3.5. An overring T of a ring R is a flat overring if T is a flat R-module.
According to [8, Theorem 3.3 ], a localization is always flat. 
